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Abstract

In this paper we consider a direct numerical simulation of transition from laminar to turbulent ¯ow excited by wall disturbances

in a cylindrical pipe. The wall disturbances are imposed by means of blowing and suction through the pipe wall. Two cases are con-

sidered: periodic suction/blowing (PSB) and random suction/blowing (RSB). The former case can be interpreted as a pipe ¯ow in

combination with a periodic roughness element of a ®xed size and the latter as a pipe with randomly distributed wall roughness

elements. For the PSB case the critical amplitude of the blowing/suction velocity that causes transition is obtained. The dependence

of this critical amplitudes on the Reynolds number is considered. In addition the dependence of the transition time on the suction/

blowing amplitudes and the Reynolds number is investigated. This latter parameter is also considered for the RSB case. Ó 1998

Elsevier Science Inc. All rights reserved.
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1. Introduction

The study of transition from laminar to turbulent ¯ow in a
smooth circular pipe can be traced back to the famous exper-
iment carried out by Reynolds in 1883. Since then progress in
the research on the stability of pipe ¯ow has been slow. The
main reason for this is the fact that the standard strategy to in-
vestigate the stability of a ¯ow, i.e. linear stability theory, fails
in this case. Namely, all in®nitesimal perturbations superposed
on the laminar Poiseuille pro®le have been found to decay
(Gill, 1965; Lessen et al., 1968; Salwen et al., 1980). This means
that to study transition in pipe ¯ow one has to consider ®nite
disturbances or alternatively non-linear theory. Some attempts
to consider transition theoretically have been made, such as
weakly non-linear theory (Davey and Nguyen, 1971; Patera
and Orszag, 1981), the theory of non-linear critical layers
(Smith and Bodonyi, 1982) and transient growth (Trefethen
et al., 1993; O'Sullivan and Breuer, 1994a, b). However, the
problem of transition in pipe ¯ow must be still considered as
open.
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Notation

Aw amplitude of radial disturbance velocity non-di-
mensionalized with UB

D pipe diameter� 2R
E total kinetic energy of the ¯ow
E(n, m) kinetic energy of mode (n, m)
m wavenumber in the azimuthal direction
n wavenumber in the axial direction
p static pressure
P total pressure
r radial coordinate non-dimensionalized with pipe

radius R
R pipe radius
Re Reynolds number �UBR=m�
ReD Reynolds number �UBD=m�
u axial velocity component non-dimensionalized with

UB

us friction velocity
UB bulk velocity
v tangential velocity component non-dimensionalized

with UB

v velocity vector
w radial velocity component non-dimensionalized

with UB

x axial coordinate non-dimensionalized with pipe
radius R

X pipe length
a 2pR=X
h tangential coordinate
m kinematic viscosity
x vorticity
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Above we have referred to the transition in a smooth pipe.
In the present study we consider the transition process under
the in¯uence of wall disturbances such as roughness elements.
It is generally believed that wall roughness promotes transition
but the details of the transition process are again not known.
Analysis of transition by means of theoretical methods seems
much more di�cult in this case and we therefore turn to a di-
rect numerical simulation (DNS) as an alternative approach to
study transition in rough-walled pipes.

The objective of the present work is to investigate the in¯u-
ence of regular and irregular distributed wall disturbances on
the transition of laminar ¯ow in a circular pipe. The distur-
bances are applied as blowing and suction through the wall
of the pipe. The blowing/suction will displace the laminar pipe
¯ow in the wall-normal direction and therefore its e�ect can be
interpreted to a ®rst approximation as that of a roughness el-
ement. The distribution of blowing and suction then deter-
mines the distribution of wall-roughness elements. Two cases
will be distinguished: Periodic Suction/Blowing (PSB) which
gives a regular roughness distribution and Random Suction/
Blowing (RSB) which is taken to be representative for a fully
rough pipe with randomly distributed roughness elements.

To give an outline of the paper we will ®rst discuss the nu-
merical methods that we have used. Next we consider the re-
sults of our simulations. First, the results of the PSB case for
an axisymmetric and non-axisymmetric disturbance pattern,
will be presented. Second, the results of the RSB case for a ran-
dom disturbance patterns are discussed. We end with some
conclusions.

2. Numerical methods

The problem that we consider is governed by the Navier±
Stokes equations for a incompressible ¯ow. These equations
can be written as

ov

ot
� x� v � ÿrP � 1

Re
r2v �1�

for conservation of momentum and

r � v � 0 �2�
for the conservation of mass. In these equations P � p � vj j2=2
denotes the total pressure, v the velocity ®eld and x � r� v is
the vorticity. The equations have been non-dimensionalized
with help of a characteristic length, velocity and time scale
which in this case are chosen to be the pipe radius R, the bulk
velocity UB and R=UB, respectively. With these scales we can
de®ne the Reynolds number Re � UBR=m. The solution of
these equation for the case of a pipe geometry is most conve-
niently expressed in a cylindrical coordinate system where x,
h, r stand for the axial, azimuthal and radial direction. The ve-
locity components in the three directions are denoted by u, v,
w, respectively.

The computational domain and the cylindrical coordinate
system is illustrated in Fig. 1. In this domain the equations of
motion (1) and (2) are solved numerically by means of a spec-
tral element method based on an expansion in Fourier func-
tions and Chebyshev polynomials. The ¯ow conditions in the
azimuthal direction are periodic by de®nition. We also apply
the condition of periodicity in the axial direction which implies
that only ¯ow disturbances with a length scale less than X/2 can
be represented. In both periodic directions a Fourier expansion
for the total pressure and velocity has been adopted given by

P�r; h; x� �
Xm�M=2ÿ1

m�ÿM=2

Xn�N=2ÿ1

n�ÿN=2

P̂ �r;m; n�ei�nax�mh�; �3�

v�r; h; x� �
Xm�M=2ÿ1

m�ÿM=2

Xn�N=2ÿ1

n�ÿN=2

v̂�r;m; n�ei�nax�mh�; �4�

where a� 2pR/X and where n and m denote the wave numbers
in the axial and azimuthal direction, respectively. In the radial
direction, a spectral element method based on a domain de-
composition technique is used. The radial domain is subdivid-
ed into several ring-shaped elements and a cylindrical element
in the centre. The boundary of each element is determined by

ri � �1ÿ rc� ln
Ne ÿ i
Ne ÿ 1

�eÿ 1� � 1

� �� �1=2

� rc; �5�
where i � 1; 2; . . . ;Ne are the indices of the elements counted
from the wall and rc is the size of the central element. In our
case rc has been taken equal to 0.1R. The non-central ring-
shaped elements gradually increase in size going from the wall
to the centre region of the pipe.

Each element is mapped onto interval [)1, 1] by means of a
linear transformation. In the ith element, i.e. the domain for
which r 2 �ri�1; ri� a local coordinate yi 2 �ÿ1; 1� is de®ned ac-
cording to

yi � 2
r ÿ ri�1

ri ÿ ri�1

ÿ 1:

Inside each element, a set of Chebyshev±Gauss±Lobatto collo-
cation points is de®ned with the value of the local coordinates
given by

yi
k � cos

pk
N i

P
;

where i denotes the ith element and where k � 0; 1; 2; . . . ;NP
i

with NP
i the total number of collocation points in the ith ele-

ment. There is a common collocation point for the adjacent el-
ements.

To solve the Eqs. (1) and (2) we employ a time splitting
method in which the non-linear, the pressure gradient and
the viscous terms are integrated sequentially. The so-called
sti�y stable scheme (Karniadakis et al., 1991) is applied in
three steps as follows:

The ®rst sub-step: Integration of non-linear term

vn�1=3 ÿPJiÿ1
q�0 aqvnÿq

Dt
�
XJeÿ1

q�0

bq v� x� �nÿq ÿ d�p
dx

ex; �6�

where d�p=dx is the average axial pressure gradient. The
Je � Ji � 3, with coe�cients a0 � 3, a1 � ÿ3=2, a2 � 1=3,
b0 � 3, b1 � ÿ3, b2 � 1, which corresponds to a 3rd-order
time accurate scheme.

The second sub-step: Integration of pressure gradient

vn�2=3 ÿ vn�1=3

Dt
� ÿrP n�1; �7�

where continuity is imposed by setting

Fig. 1. Computational domain in a cylindrical coordinate system.
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r � vn�2=3 � 0: �8�
As a result we obtain a Poisson equation for the total pressure
which reads

r2P n�1 � 1

Dt
r � vn�1=3: �9�

The third sub-step: Integration of viscous term

c0vn�1 ÿ vn�2=3

Dt
� 1

Re
r2vn�1; �10�

where c0 � 11=6.
The time step Dt is taken in all our computations equal to

0:01R=UB.
As initial condition we start from a fully developed Poiseu-

ille pro®le for a laminar pipe ¯ow. At time t� 0 perturbations
are imposed on this ¯ow in the form of a given radial velocity
at the pipe wall in the form of suction and blowing. In all cases,
the total net ¯ux due to the suction/blowing through the wall is
maintained equal to zero. The ®rst e�ect of suction/blowing is
to displace the axial ¯ow in the radial direction and this may be
taken as equivalent to the in¯uence on the ¯ow by a wall
roughness element. Several distributions of the wall suction/
blowing are considered and these can by distinguished into
two categories.

The ®rst category is so-called periodic-suction/blowing
(PSB) by which a pipe wall is simulated with regularly distrib-
uted roughness elements of a single size. In this category two
cases are considered:

(a) Axisymmetrically distributed disturbance: In this case the
normal velocity on the pipe wall is prescribed following:

wdis�h; x� � Aw sin�kxax�; �11�
where Aw is the amplitude of the radial velocity and kx the axial
wave number of the velocity disturbance which is representa-
tive for the size of the roughness element. We note again that
both Aw and kx have been made dimensionless with the bulk ve-
locity UB and the pipe radius R as characteristic velocity and
length scale.

(b) Non-axisymmetrically distributed disturbance: The wall-
normal velocity in this case is given by

wdis�h; x� � Aw sin�kxx�cos�khh�; �12�
where Aw is again the amplitude and the kx and kh are the axial
and the azimuthal wave number, respectively. In this case the
roughness distribution has a helical pattern.

The second category is random-suction/blowing (RSB) by
which a pipe wall is simulated with irregularly distributed
roughness elements of varying size. This case is assumed to
be representative for a fully rough pipe wall.

(c) Randomly distributed disturbance: The wall normal ve-
locity is for this case prescribed according to

wdis�h; x� � Rand�h; x�; �13�
where Rand�h; x� is a random ®eld over the xÿ h plane with an
uniform probability density. The mean value of this random
®eld is zero and its root-mean-square value is denoted as Arms.

In our computations to be presented in the following sec-
tions, we have taken the (non-dimensional) length X of the
pipe equal to 2p. In the spectral element method we have taken
the number of (ring-shaped) elements equal to 4 with each 16
collocation points except the central cylindrical element which
has only four points. Thus, the total number of collocation
points in the radial direction is 53. The number of Fourier
modes in the tangential direction that we have used, varies be-
tween 8 for the PSB case and 32 for the RSB case. The number
of grid points in the axial direction is 32.

The domain length of 2pR may be considered as too small
and the maximum resolution of 53� 32� 32 as too low for a

DNS of turbulent pipe ¯ow at the Reynolds numbers that we
consider here (Eggels et al., 1994). However, we stress that we
do not aim to compute a fully developed turbulent pipe ¯ow in
this study but rather the start of transition from laminar to tur-
bulent ¯ow in this geometry. The initial phase of such transi-
tion process is usually dominated by large-scale disturbance
in the ¯ow, say of the order of the pipe radius, and these can
be adequately resolved by the our computational grid. The in-
tensity of these large-scale disturbance scales grows due to in-
stability and eventually they break-up into smaller scales after
which turbulent ¯ow is assumed to develop. Here, we only con-
sider the ¯ow development up to this break-up event, which
can be recognized in our computation as a fast growth of
energy at all ¯ow scales and which we shall denote as the tran-
sition point. After this transition point is reached the compu-
tation is stopped.

The advantage of the small resolution that we have adopted
here, is that it allows us to perform computations for an exten-
sive range of disturbance parameters. At a larger resolution
this would have been prohibitive in terms of computational
costs.

3. Results

The results of our computations will be described in the
following subsections arranged according to the various dis-
turbance pro®les that we have introduced above. For the
PSB case we shall limit our computations to a single value
of kx, i.e. kx � 4. Apart from computational limitation, we
have chosen for this single value of kx for the following rea-
sons. A value of kx � 4 means in our case a roughness element
with a size of O(D). This is a disturbance which we can resolve
well with our numerical grid where for the case of 32 colloca-
tion points in the axial direction the resolution is � 0:2D. At
the same time the intermediate size of our disturbance in
terms of the resolution allows (non-linear) interaction with
higher harmonics but also with subharmonics and both may
play a role in the transition process. We shall see in the fol-
lowing subsection that these two interactions indeed occur.
For this reason alternatives for kx � 4 are quite limited and
we expect that a slight change of kx to another value close
to 4 would not change the results to be presented in the fol-
lowing very much. In other words, a study of the in¯uence
of kx requires a much higher resolution then the one that we
have used here.

3.1. Axisymmetric disturbance distribution

A computation has been carried out with Eq. (11) for the
suction/blowing distribution with an amplitude Aw � 0:1
(and kx � 4). By means of this disturbance pro®le we simulate
an axisymmetrically distributed wall-roughness element. De-
spite the fact that this disturbance amplitude Aw � 0:1 can be
considered as large (we will see in the following sections that
for this disturbance amplitude always transition is found when
other disturbance distributions are used), no transition is
found at the Reynolds numbers, ReD � 3000 and 5000, for
which computations have been carried out. Here, ReD denotes
the Reynolds number based on the pipe diameter D and the
bulk velocity UB.

It seems that the axisymmetrically roughness elements only
excite the axisymmetric modes of the ¯ow which are very sta-
ble. In other words the cylindrical pipe ¯ow (at the Reynolds
numbers that we consider) is stable to large axisymmetric dis-
turbances. This agrees with the theoretical results of Davey
and Drazin (1969).
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3.2. Non-axisymmetric disturbance distribution

The non-axisymmetrically distributed wall roughness ele-
ments are simulated according to Eq. (12) with an azimuthal
wave number kh � 1 (the axial wave number of the disturbance
is again chosen to be kx � 4). The choice for kh � 1 is based on
the fact that for this values the least stable eigenmode for in®n-
itesimal perturbations is found. For the amplitude of the suc-
tion/blowing we have considered a range of values with
Aw � 0:01ÿ 0:1UB. The Reynolds numbers that we consider
are ReD equal to 2000, 3000, 4000 and 5000.

For the case of ReD � 5000 and Aw � 0:05 we show in
Fig. 2 wall shear stress averaged over the pipe wall as a func-
tion of time. For a laminar ¯ow this non-dimensional wall
shear stress is given by

sw

qU 2
b

� 8

ReD

: �14�
We see that initially the shear stress stays equal to its laminar
value. At about t� 30 the shear stress departs from this value
and starts to grow. The shear stress then reaches a maximum
value at t ' 100 after which the wall-shear stress ¯uctuates
around a value of � 0:0045. The ¯ow may then be considered
as turbulent. The time interval to the ®rst maximum of the
shear stress will be denoted in the following as the transition
time.

The shear stress in Fig. 2 appears to grow rather gradually
and this may seem in contradiction with the sudden transition
to turbulence which one would expect based on experimental
visualization studies. To study the transition process and its
time development in more detail we introduce E(n, m) which
is de®ned as

E�n;m� � 4p2

a

Z1
0

v̂0�r; n;m�v̂0��r; n;m�r dr; �15�

where the index � denotes the complex conjugate and where
the prime denotes the deviation of the velocity from laminar
Poiseuille pro®le so that E(n, m)� 0 at t� 0 for all n and m.
The interpretation of E(n, m) is the volume integrated non-di-
mensional disturbance energy per axial mode n and tangential
mode m.

In Fig. 3 we show the time development of various modes
E(n, m) given by Eq. (15). It follows that mode (4,1), (4,)1)
which is directly excited by the wall disturbance, is constant
as a result of the forcing. The energy of this (4,1), (4,)1) mode
is transmitted by non-linear interaction to both lower and
higher-order modes. In particular the mode (0,2), (0,)2) seems
to bene®t and it grows gradually starting at t� 0 to a large val-
ue which stays constant until transition occurs. This mode
which as n� 0 is independent of the streamwise coordinate,
may perhaps be related to the streamwise vortices which have
been observed in other studies on the transition of cylindrical
pipe ¯ow (Bandyopadhyah, 1986; Shan et al., 1998). With re-
spect to the other modes and in particular with respect to the
modes (12,1), (12,)1) and (12,3), (12,)3), we ®nd that the en-
ergy of these modes stays small until t ' 250 and then starts to
grow very fast. As these latter modes represent small scale ¯uc-
tuations, this sudden growth around t ' 250 may perhaps be
identi®ed with the appearance of small scale turbulent ¯uctua-
tions. This means that also our computations indicate that tur-
bulence appears quite suddenly.

To investigate the transition at various Reynolds number
and for various disturbance amplitudes, we have carried out
extensive computations. From analysis of the results we have
obtained the critical amplitude A�w for each Reynolds number
which is de®ned as the value of the wall disturbance amplitude
at which transition is ®rst detected. The results for the various
calculations together with the critical amplitude are displayed
in Fig. 4. The cases where the ¯ow remains stable have been
indicated by solid dots and the cases where transition happens

Fig. 2. Wall stress vs. time for the case of the non-axisymmetric rough-

ness element distribution at ReD � 5000, Aw � 0:05, kx � 4, kh � 1.

Fig. 3. The non-dimensional disturbance energy E(n, m) for various values of the axial mode (n) and azimuthal mode (m) as a function of time for

ReD � 3000, Aw � 0:03, kx � 4, kh � 1; note that mode (4,1) and (4,)1) has the same axial and azimuthal dependence as the wall disturbance.
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by open dots, respectively. The critical amplitudes A�w are
marked by crosses which are connected by a solid line.

Although the range of Reynolds numbers over which A�w is
computed, is rather small, it nevertheless appears that the crit-
ical amplitude can be reasonably well described by an expres-
sion given by

A�w �
76

ReD

:

A similar dependence of the critical amplitude on Reynolds
number has been also proposed on theoretical grounds by Bag-
gett and Trefethen (1997).

Another parameter which gives some information on the
transition process, is the transition time which has already
been de®ned above. The transition time as a function of Rey-
nolds number and also as a function of perturbation amplitude
is plotted in Figs. 5 and 6, respectively. Both ®gures show that
the transition time decreases or transition to turbulence is fast-
er, when the Reynolds number or the disturbance amplitude
increases.

3.3. Random disturbance distribution

Next we consider the results for the random distribution of
the suction/blowing through the wall according to Eq. (13)
which is taken to be representative for a fully rough pipe wall.
Let us ®rst examine the results for the computation with
ReD � 5000 and with a root-mean-square value of RSB equal
to Arms � 0:03. The average wall shear stress is plotted as a
function of time in Fig. 7. In this case we see an almost imme-
diate increase of the wall shear stress at t� 0 with respect to
laminar value given by Eq. (14) and subsequently a rather
gradual growth. Around t� 30 the shear stress starts to in-
crease towards a maximum value and this again interpreted

as transition to turbulence with the time interval till the ®rst
maximum de®ned as the transition time.

The transition time computed according to the procedure
mentioned above, is shown in Figs. 8 and 9 as function of
the Reynolds number and the disturbance amplitude Arms.
When we compare the results shown in these two ®gures with
Figs. 5 and 6 for the PSB case, we ®nd that the transition time
for the randomly distributed disturbance is considerable smal-
ler than for the case of a regular disturbance. This seems to

Fig. 5. Transition time vs. Reynolds number ReD for Aw � 0:05.

Fig. 6. Transition time vs. amplitude Aw of the PSB for ReD � 5000.

Fig. 7. Mean wall stress vs. time at ReD � 5000, Arms � 0:03.

Fig. 8. Transition time vs. Reynolds number ReD for Arms � 0:03.

Fig. 9. Transition time vs. Arms for ReD � 10 000.

Fig. 4. Amplitude Aw vs. Reynolds number ReD for the non-axisym-

metric disturbance distribution with kx � 4 and kh � 1; open markers

indicate that transition has been detected and closed markers that

the ¯ow remains stable; the solid line gives the critical amplitude A�.
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agree with our intuition that transition occurs faster in a fully
rough pipe.

Further results than the rather qualitative remarks made
above cannot obtained from this RSB case mainly because
the resolution of our computations is too small. This for in-
stance already precludes further study of the turbulence prop-
erties of the ¯ow after transition.

4. Conclusions

We have presented results of a direct numerical simulation
of a transitional pipe ¯ow with the objective to investigate the
in¯uence of wall disturbances on the transition from laminar
to turbulent ¯ow. The wall disturbance has been imposed by
suction and blowing through the pipe wall. For the distribu-
tion of the blowing/suction we distinguish between Periodic
Suction and Blowing (PSB) and Random Suction and Blowing
(RSB). The blowing/suction is assumed to be representative for
the e�ect on the ¯ow by roughness elements on the pipe wall.

For the case of PSB the pipe ¯ow appears to remain stable
for an axisymmetric distribution of the disturbance even for a
rather large amplitude of the blowing/suction. For a non-axi-
symmetric distribution of blowing/suction the pipe ¯ow is un-
stable provided that the level of the amplitude of the blowing/
suction is larger than a critical value. This critical value de-
creases as function of the Reynolds number according to
Reÿ1. The transition time which is approximately equal to
the time period over which the e�ect of the disturbance on
the ¯ow grows to a level representative for a fully developed
turbulent pipe ¯ow, is found to depend on the Reynolds num-
ber and also on the amplitude of the wall disturbance.

The results for the RSB resemble those obtained for the
non-axisymmetric PSB except that the disturbance seems to
develop more quickly. This is borne out by a smaller transition
time in comparison to the PSB case.
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